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KATIOKAI ADVT°ORY COWÜTTEH POR AERONAUTICS 

AOVAVCE  raSTSTCTE-D REPORT 

•    A «OLHTION OP TfH DIRECT A*!D ORRERf! POTENTIAL 

PROBLEMS FOR ARBITRAL CA3CAD53 OF ATKFOILS 

By Silliara Hutterperl 

meats 
Solutions of the direct potential problem for a 

cascade - namely, to find the potential flow past an 
arbitrary cascade of airfoils - and of the inverse prob- 
ier. - namely, to find an airfoil havinp a prescribed 
velocity distribution in cascade - are prerer.ted. The 
methods used represent the extension to cascades of the 
Cartesian natspinp function method of conformal trans- 
formation. Numerical examples of the direct and inverse 
method? are riven. The numerical labor required is con- 
servatively estimated es double that involved for iso- 
lated airfoils by the corresponding methods. 

INTRODUCTION 

The ootential flow through a cascade of airfoils 
bears approximately the same relation to the real flow 
throunh axial and throurh some type? of centrifupal 
turbines ixrxi.  compressors that the potential flow about 
isolated airfoil sections beari to the real flow about 
airplcne wir.ps, A knowledge of the potential flow 
throw* a cascade Is therefore rec->(;jiized as bn-ioally 
important for the aerodynamic study end design of such 
machines. The relative difficulty of makinp measure- 
ments on alrfollr. in cascade further accentuates the 
necessity of a potential-flow solution. 

As was the case for isolated airfoils, there are two 
potential problems for the cascade that are of primary 
practical importance. The first, or direct problem. Is 
that of determining the potential flow past a Riven arbi- 
trary cascade of airfoils. The second, or inverse prob- 
lem, is that of deriving an airfoil section to have a 
prescribed surfr.ce pressure"distribution in cascade. 

The theoretical methods available for the solution 
of these problems are, rouchly speaking, of three kinds, 
namelyt 1 

V 
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(1)   ''ethods that reran?, a blade of tlic cascade as 
an  isolated airfoil operating in a flow composed of a 
free-jtresa velocity and a disturbance velocity due to 
all the other blades of tin? cascade.    The method applies 
best to cascades of thin airfoils with small  solidity. 
(See referoncf 1, p. 70,  and bibliography contained 
therein.) 

(E)   Strea-t-filament methods, which reps-rd the 
space between  the blades  if the cascade as channels of 
varyirp area but in which the  streamlines, are uniform 
or of simple  curvature.     These methods apply best  to 
cascades of hlrh sol'dity la which, noreover,  the flow 
is smooth  fshook free)  at entrance. 

(3)   T'ethod" based on confirsal  transformation of the 
cascade.     These methods may be  subdivided as follows; 

(a) Methods based on the concept of the equiva- 
lent cascade of flat plat««]  that is,  the cascade 
of flat plates with  spacing equal   to that of the 
riven cascade, with blade anple equal to the zero- 
lift angle of the given cascade,  and into which the 
given cascade  car be  transformed conformally, 
^xten«ive use of this concept is rcade ir reference 1, 
on the basis of which sre-jiiven nprroxiratc solu- 
tion" of the  direct and  inverse problems for cascades 
of  various types of shape ar^d for various rangen of 
solidity.    The  solution! a>*e Ej-.proxlmate mainly 
because of the methods piven for the determination 
of the equivalent cascade fro>s the  plven cascade 
or vice versa. 

(b) Particular conforml transformations that 
yield special classes of shape for which the flow 
can be calculated exactly (such as those of refer- 
ence 1, p.  E5, and reference 2). 

(e)  Bxaet methods for arbitrary airfoils 
or pressure distributions In cascade,  such as 
those that exist for Isolated airfoils.    For 
this purpose, Weinlg (reference 1, p. 90) uti- 
lizes the basic .'<nown transformation from a cas- 
cade of flat plates to a single circle.    By this 
transformation, the given cascade  transforms to 
a near circle.    The near circle, p'-plane,Is then 

f 
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trans furred to a circle, p-plane, by a rodlfieatinn of 
the Theodorsrn-riarrlek procedure (reference 3) consisting 
In the use of   log dp'/dp Instead of log p'/p a? 
the mappinr function. The trwisfoiir.at1.or of the piven 
cascade to the near circle appear" to he much »ore 
laborious and the near circle much r.ort different froiri 
a circle than 1? the case for the transformation of 
isolated airfoils.  This general procedure has recently 
been treated in reference 4.  A sirsilar method hao also 
been used in a British r&Pei" by A. R. Howell.  The 
basic transformation that reduces the piven cascaoc to 
a single shape is taken as  ( = tanh z,    where  z  Is the 
physical plane.  Inasmuch as the resulting (-plane shape 
Is not of near-circle type, several Joul'.ownki transforma- 
tions are applied tj produce a near circle.  The transfor- 
mation fro-» near circle to circle is then accomplished by 
the Throdorsen—jarric^ rrethoi?.. This method, too, involves 
an exc&sslvo amount of numerical lnbor. 

In the present paper, the Cartesian mappim?" function 
method "f reference 6 is exttnded to the solution of the 
direct and Inverse potential problems for arbitrary cas- 
cades of airfoils.  After an exposition of some basic 
properties of the Cartepian rappinp function for cascades, 
procedures are piven for the solution of the direct and 
lnver»e problems. The procedures are then illustrated 
by numerical exannles. 

AcV-n^wledf-.c r.t Is rade to Mrs. Ljle Evans toran 'I the 
coirputinp staff of the Leagl«? full-seal« tunnel for her 
asslstar.ee in making the calculations. 

z = X + I? 
£ = ? + lr, 
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plane of cascade of straight linns 
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central anple of circle 

component of Cartesian mapplnr function (C'!P) 
parallel to chord 

component of Cartesian mappinir function per- 
pendicular to chord 

displacement constant for locating airfoil 
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a        anf-,le of attack, measured between r:ean rela- 
tive stream direction and chord line 

ßn,       znro lift anrle, anple of at tad: for zero 
lift 

6 aiirle of deviation of relative flow fron 
leadinp- or traiiinp-edpe direction of 
airfoil (See fl?. 5.) 

k        denominator of equation (20) 

P        pressure coefficient 

Subscripts: 

I!        loading ed>e (nose) 

T        trcilinR edre 

u        upstrean 

d        downstream 

[> - W] 

APPLICATION OF OARTESIAU HAPP3T3 PtJKCTIO» TO CASCADES 

The penerfil scheme of application of the CMP tc 
cascades of airfoil? v;aa indicated in reference 5. 
Basically, the method consists i .\  relatinp, confor.Tially 
the points of an ajrfoll in cascade to the points of 
its extended chord line by means of the vector differ- 
ence between pairs of corresponding points. This 
vector difference, called the Cartesian mapping function 
(CT1F), is a function of position in any of the napping 
planes u«ed. It is repular and periodic in the e.itire 
repion outsidp the airfoil bour.daries, in the corre- 
sponding region outside the straight lines, and is 
regular in the entire rerion outside the single unit 
circle into "Jhieh the precedinf repionr can he confor- 
mant transforr.ed.  Instead of the simple Joukewskl 
transformation from the isolated straight line to the 
circle, however, as ras used for the isolated airfoil, 
the mere eonpl* catod but well-known transformation from 
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a cascade of straight lines  to a circle  if now recesrary 
to express  the CV? a? a regular function outside  the 
circle.     Various- preparatory details of these  transforma- 
tions are  next Ht down,  prior to a cUscu.-sIon of the 
general direct and Inverre problems for cascades. 

C'.£* for cascades.- The Ci.IF fron the cascade  of air- 
foils  to  the cascade of flat plates It  taken a«    z  -  £. 
(See  fif.   1.)     Because    z  -  £    is regular everywhere 
outside  the cascade of flat plates - in particular,  in 
the  infinite  strip outside one plate that, mspa into  the 
entire region outside  the unit circle  -  It la regular 
everywhere  outside  the  circle and is  therefore  expres- 
sible  by the inverse power series* 

«•» 
(i) 

On the corresponding bounöerieu of airfoil,  flat plnte, 
and circle 

and 

• - { « (x - S) • ijr 

!äx + 14y 

D = el«5 

(»•) 

(2b) 

Subrtltutlon of equations (2a) and (2b) in equation (1), 
with cn = an + ibn, gives for &x    and Ay the con- 
jugate Fourier series 

4x(ip) a    • 'S" «o +   > P  ari cos n<P + ybn sin nq>      (3) 
T i 

T The mapping function chosen is periodic with respect 
to the same strip in the {»plane that naps Into the 
entire p-plane region outside the unit circle. The 
necessity of introducing a out in the infinitely many- 
sheeted p-plane is thereby eliminated. 
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iy(<p) +  / bn oos ITS -    > an sin n« (l) 

The corresponding integral relations between Ax and 
ijr ar* the sane as in reference 5, 

Plat-plate transformation.- The trans fc mat ion 
from the cascade of flat plates, {-plane, to a sinfle 
unit circle, p-plane, which make3 the C.'!F a function of 
the central ar.flo c of the circle, is (fir. 2 ant", 
references 1 and 6) 

J - T = e-1!3 log. + e IP lore£- (5) 

This transfomntion is periodic in I with a cascade 
spacing (reriod) of 2n. The points  1 = 4»  corre- 
spond to p • te^.  The eon3tunt rti?placrnent T  is 
inserted for futuro convenience in locating the cascade 
of (»irfoils. The correspondence between points on the 
flat plate ar.d points on the circle is obtained by 
substituting £ = £ + it] and p = e*^ in equation (5). 
The result is 

I = T • cos p lore °
oah z*<" °*S si» 3 tan-1- J^JL") e cosh !C-co3 0 sinh K I (e) 

t]=0 | 

The an-lec ß~( ß„ + ir that correspond to tho extremi- 

ties of the flat plate are obtained by maximizing 4; in 
equation (6) with r«?spect to (P. The resulting condi- 
tion is 

tan ßjf • tan ß  tanh K (7) 

Subrtituticn of equation (7) In equation (6) pives tl-e 

solidity Oj 
Ssiin 

l.'tr 
— of a cascade of straight 
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ter    K 

as 

0l -_- Mcos  P loPe   "sinh K 

\/ slnh'^K +  con1^/ 

(61 
+  3In H ton 

It Is remarked that, In the apj-liciitiens Which are 
to be riven, values of £ corresnor-dinr. to selected 
Ovaluea will be deterained fron equation (8). The 
rcletlvely nore difficult Inverse ealeulattons of it 
for a riven if or the still rore difficult ealoula- 
tlon of p for a riven & by aquation (f.), will not 
be necessary. Therein lies the essential n'inerlcal 
slrpll«lty of the C'31 nethod for cascades. 

Airfoil !OSl%lor. and vl,'uatmcnt3 In temg of £"?.- 
The coordinates x, y of the airfoil corresponding to 
the points at the angular positions $ on the unit 
circle are obtained fror« equations (2a) and (C) , a" 

= T * cos |i loüe 

Kin 
-1 alllg 

ß tan sTnTTT: 
&x(C) 

4y(«0 

(3) 

(10) 

As was the case for isolr.te.) airfoils, It will be 
necessary to find for cascades the points on the circle 
eorrespordinr to the chordwise extremities of the air- 
foil. The abeclaaa x In equation (9) Is therefore 
maximised with respect to ». The resulting condition 

la 

V 
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d1>   ~  rinh8K + ain26i 
(11) 

where 

C = 2 \/ oo32ß + sinh^K (12) 

and ßK is defined by equation (7). Equation (11) is 
solved (fraphically) for the ancles QV and 5>j corre- 
sponding to the leading and trailing edrres of the air- 
foil (defined as the extremities of the airfoil abscis- 
sas) . 

7he solution of equation (11) will usually be 
carried out in connection with such an artjustnent of the 
airfoil that the extremities are synetrically located 
and add up to a desired chord (sollc'ity) . The adjust- 
ments art similar to tho horizontal and vertical 
str^tol.inps for the Isolated »irfoil. 7he horizontal 
stretching adjustment consists in findinf the lenpth of 
straight line, that in, ¥.,    by equation (8) since ß 
in the known nnfle of the alri'oil Ohord lir.e, which vith 
a riven Ax(©)  will place the airfoil extremities at 

±S = ±ira, where a    is the riven solidity and e is 

the airfoil chord. "The vertical stretching adjustment 
consists in fir.dinR, for a ^iven length ar.d anrle of 
straight line, the factor 3 by which to multiply a 
knovi 
have 
the desired aolJdity. The~equetions for the3e adjust- 
ments are obtained by equating the abscissas of the 
airfoil extremities to their desired values; that is, 

Dvn ox(«) in order that the'resulting airfoil will 
vr  its extremities at % ~ ±n0§    where af-ain a    is 

XN " U tro 

cosh K • cos W,. 
T + COS' ß log,,  . „ r      °e cosh K - cos (j|j 

+2 sin ß tan"1 ^^ • S4x,j (IS) 

I 
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"If 

*T = *f =   -1T3 

=   T   + C09   lä   1*8«   0o9h 

sin Of 
sin i> tan-1 "^üTK 

+• Si*7 

In addition,  equa 
t„ rfivirltten as 

SlOB   (I«   f0r 
the alrfo"   ex 

(141 

treBltlea 

(IE) 

Sufctrac felon of *U» tlo-.i   (lO   frOT 
equation  (13) 

rleld 

2ito 

»ddltl 

V 
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In the horizontal stretchinp adjustment, equations (15) 
and (16) with S = 1 ar» solved simultaneously for K, 
(Tsj, and 9y, with p and 0 given. the vertical 

stretchir.p adjustment, equation? ("!?) and (1*5) are solvei! 
simultaneously for "»• ar.c1 

*T' with and 
a given. Finally, equation Ü.7) is rolved for T. 

Velocity urd nresrurp distributions.- Cr.ee. the cor- 
for^al correspondence brtvesn a cascade of airfoils and 
the unit circle has been obtained - that If  aX(9), 
iyf»1), K, *»j, and CäJ. - the velocity at the airfoil 
surface 1s elver as usual by the product of the velocity 
at tht corresponding point of the circle and the 
stre-tchinf factor fror ehe circle to the alrfMl, as 

v,(x,r) • •*• m (18) 

The velocity  In the circle plane  1? that due  to a 
superposition if sources and vortices at the point' 
P = te*"     (fl?. J), rhleh reproduce the de'lrrd flovi 
conditions at    ±a>    ir. the physical plant  ar-i which 
maintain the urlt circle,  and hence the cascade of air- 
foils,   is   'trenmllncs  (reference 6).    The  effect  of a 

1    i- t5 preduee a velocity at   z - *> Bourse a 
from riv 

p • e"     If  t5 proiure 
to left of -tt'mitude,    •-- 

in complex velocity is -T*i=e 
IT' 

where    in 
that 1",   the 
is the  total flux 

of  the  source.     This fact lr evident froT the ccmolex 
pottrtlal for a source and t'.ie  tran.rforr.s,tion  (equa- 
tion   (5)/  between    p-plane ar.d     £-nlene.    The Additional 
effect  of an equal   aource at  the  iMtga point    p -  e~", 
toother With ar equal    tlak    fit th* origin,  io to make 
the circle  (hence the cascade ol  flat plates auf air- 
foils)   a streamline v;hlle ltalnfcalnliir the  raw.e  flow 
condition at  Infinity.     Slsrllarly^ the  effect or a 
counter?loolcwise vortex at    p = e"    is to produce a 
downward velocity at    z = »    of r-ai^ituds    7^;    that Is, 
the ccnplcr  velocity is    s>fje*3f    where     If    is  the  vortex 
cireflation.    The additional effect of an equal and 
opposite vortex at    p • e"*-   Is to raVe  the circle a 
strea'-liie, 

Tf  the  flow conditions at  infinity In  ths physical 
plane are taken as cor.pl'tinf of a mean velocity    V    f-t 
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anrle K (f Iß. 11, on which is superimposed the tan- 
rer.tlal velocity t£- at z • \a>   to correspond to the 
circulation about the airfoil r (positive clockwise), 
the complex potential In the circle plane Is that öue to 
the system of sources, sinks, and vortices Indicated In 
figure 3; nanely, 

= -V cos \ 

-IV sin \ log 

(19) 

The circulation T Is fixed by the Rutta condition of 
smooth flour at the trailing edije In the physical plane 
or dW/dp = 0 at p = r**    In equation (19). The 
resulting circulation Is 

Vising + slnheK    .     - 
T = 4tfV " . . I ——- sin (aw - X)   (S 

alrih K cosh K     N lu   ' 
:o) 

where 

tan a• 
tan ^K 5 tanhl 

(21) 

Tt Is noted here that the resultant force on an 
airfoil of the cascade Is, by elementary cascade theory, 

I • pvr (22) 
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where    I    acts pcppvndlattf.nr to t'r.o relative nean 
velocity   v.    The lift eoefflelent of the 3ection bated 
on the relative .-nerui veüoelt;'    V    is  tnerefo.-r-,  With 
c = 2no, 

(21) 

Settin;,' 

X S a + ß (C4a) 

and 

«*•;; I * - ßT (£4b) 

and fron equations (20) nrd (£3), the lift coefficient 
of sn arbitrary airfoil in eaeeede la 

4 fizp-Jr,  + slnlAc 
°J = 5 sirh 'c'eosh'k  sln (u + :JT' (25) 

The angles    a    and    (Jj    are, respectively,  the mean 
relativ«- streun eagle  >•' attack end the sero-lift angle 
measured from the airfoil ch~2d. line«    Equetlon fS6j 
te »een to be »teller ir. fom to the eorreepondlns 
equation for laolcted airfoils,  to vhich it reduces in 
the ltolt oi" sero solidity. 

With the simulation of equation (CO), the velocity 
distribution or; the unit rirele in obtained by differ- 
entiation of equition  (10)  and Substitution ait   p = e*7. 
The result is 

r*W sinj* 
pin-H- + sinh^K   <- 

Spin («•^K)>eln (<rT- MJ   (Be) 



14 MCA «RR Hi.  I4K2£b f 
where 

tr.n \v I tun >,  bann K (27) 

'i'he itretehlnc fiCor    U*l    i'ro.n the  <?irclR plane 

to  tho flat-püato onanu^t  plan«  ^n obtained by differ- 
entiation of equation   if).     mhe  i'raL'ir.  ir  equFl  to 
Vp(<p)   [aquation  ('-€)) with cje circrlaMcn tern omitted 
and    \ =  f."   (Tho  tranufcreation  (E)   can,   In fact,  ts 
df-i'lve't  (re'trer.n; e)  !>;• a iccrocl^ifl-.lru]   ar^-reeni 
Similar to  thut land;»: to eq,ue.ti«n (10).)     1!us, 

[*]• 2\'ros-,3 +  BinhB]K — 
r   tin (<? - ,J0 

•In 9 + elnh K 
(25) 

where    ß»    ha? been defined ^y equation  (V),  rnd 

[{§]"HS! ee^"dinc on  the  9*.;4r  o^ ,r. 
|rts 

Tl:»' ovcr'-sii ntretonlng factor |-*r  fro» the 
I up I 

circle piano to thr phyaleal pla:io is obtained by eif- 
fereatiatloa of equatic:. (Ja), 

z - £ • ix + ;.iy 

rl" = ab 
dp  dp 

+ 3g£ + i-'^Z 
cp dp 

L*J le^dP lelq,d<5 

M^l _ ,|^r^n     dax\2   .  /rtiy\8 

1*11" VvL^J W + W (29) 
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The velocity distribution at the surface of an 
arbitrary airfoil in cascade is therefore, by equa- 
tion.- (IB) and (86) to (23) t 

vz  2 \fcose\ + sinh2KJsin («p - XR) - sin (up• - Vji] 

The nurerator of this expression is seen to be dependent 
on, but the denominator independent of, the strenn 
angle \. 

The pressure coefficient is given by Pernoulli's 
equation 

w (31) 

where P }s the ratio of the local lrere:irr;t of stutic 
rressure over the pressure at "fhieh the velocity is the 

rean strear. value V to the dynamic pressure ??pV . 

Int.erration of this pressure coefficient around the air- 
foil section yields the lift coefficient defined by 
equation (22). 

The expression for the ideal anple of attack nay 
be noted.  This enple is the me-ai. relative streon anrle 
for '"hich the lesdirip edre of the airfoil, corresponding 
to « = OJT on the unit circle, ie a stapnation point. 

It is obtaired from the condition vp(<P) = 0 in equa- 

tion (EC) as 

XKi 
*a + T.n 

(32) 

(The correspondinr, anple of attack T.earured fron the 
"x-axis" chord lint is piven by equation (24a).) 
Conversely, for any strt-am anple \,     the front stapna- 
tion point is piven by 

*9, = n + e\t <5T (S3) 

i 
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Superposition of solutions.- Equations (2) and (4) 
show that the sun of two Ci'r-'*a  is itself a CMF.  Thus, 
a? for Isolated airfoils, the superposition of solutions 
for airfoils in cascade is permissible.  Various ty*>es 
of superposition are possible because the solidity' and 
stopper parameters K and ß used with a resultant 
OUt  need not be the sane as either of these parameters 
used with the component CMP's. The use of superposition 
is implicit in the horizontal and vertical adjustment 
derived previously for an airfoil in cascade. 

Equivalent flat-plate cascade.- The many useful 
results of reference 1, which are derived and presented 
en the conceptual basis of the equivalent cascade of 
flat plates, make it worth while to note some of the 
properties of the equivalent cascade.  In peneral, the 
conformal transformation of a cascade of airfoils late 
a unit circle drteinines at the same tint every  possible 
cascade of flat plates into which the river, cascade can 
be confornally transformed, with the spaces at +» cor- 
responding and equal.  All such cascades of flat plf.tes 
transform to the unit circle with the sane locations for 

the points p = ±e'^ corresponding to the points ±» 
In the cascade planes,  i*he parameter X of the flat- 
plate trans-formation (equation <£)) is therefore, fixed. 
Of the Infinity of flat-plete cascades corresponding 
to the remaining parameter, namely, the staffer anpie ß, 
that one of which the stapler enple equal3 the zero-lift 
stream snr-lo of the piven cascnue Is by definition the 
equivalent cascade of flat plates.  This stepper anple 
Is cw by equation (£0).  Equation (21) then shows 

that the anple $„   corresponding to the trailinp edje 
of the airfoil In cascade corresponds also to the 
trailing edge of the equivalent flat plate. 

The solidity of the equivalent flat-plate cascade, 
as given by equation (8), la evidently somewhat larger 
than that of the given cascade. For a pivon stream 
anple \,    equation (SO) shows that the circulation r 
and thus, by equation (23), the product ccj are the 
same for the two cascades. 

The velocity distribution in the airfoil cascade 
at one stream anple nay be converted to a velocity 
distribution at any other stream angle by a knowledge 
of the equivalent cascade, because the ratio of the 

*/ 
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velocities nt two different stream angles Is  the ratio 
of the corresponding numerators  In equation  (SO)« 
Inasmuch ar. the  constants of the numerator In equa- 
tlon  (30) Bre the same for the jlven cascade and the 
equivalent cascade,  the  desired velocity ratio equals 
that for the equivalent cascade.    This  result Is 
analogous  to that for isolated airfoils and their 
equivalent  flat plates.     It Is useful when the äquiva- 
lent  cascade  can be easily det-srnlned  to a  satisfactory 
approximation  (ef. reference 1).    If the  correspondence 
between an airfoil In cascade and  Its equivalent flat 
plate  In  cascade  Is known with sufficient accuracy, 
however,   the QKP of the  transformation   Ax(o>)  + 'Ay('p) 
car. be set up    and  the velocity distribution obtained 
directly by equation  (30). 

SOHJTIOS OF DIRECT FOMJITIAIi i-nr>313r FOR CASCADES 

Tho direct potential problem for cascades of air- 
foils    Is  that of determining the general potential flow 
past,  r.nd  In particular the velocity at the surface of, 
a known arbitrary airfoil In a cascade of   ;'.ven 
solidity    o    and stanjer anjle    ß     (fli.  1).    The  solu- 
tion ta ana logout  to that  In reference 5 for Isolated 
clrfoils.    The r.ethod Is ono of successive approxima- 
tion, -»hereby an airfoil of which the <?.'.F transformation 
to Its "chord-line"  cascade and hence  to the unit circle 
Is knn-.ro Is compared  vlth the siven airfoil to obtain 
an lncre«3ntol OJtF.    The  lncremeital C'.'F plus  tho knora 
01.'? yields an airfoil that may a^aln be  compared with 
the  riven ilrfoll, and so on. 

The steps  In the  process are as  follows: 

Step 1: An airfoil In a cascade of startler ß and 
solidity O Is jjlven and an Initial airfoil Is assumed, 
for which are knov/n tho Ci:? 6x0(a>), Ay (qs), the 
angles   •>,  , <JJT      corresponding to the leadlnc and 
trailln; 

L,o      'o 
edges,  the cascade parameter :•:„ and the 

translation constant T0 - all adjusted for a cascade of 
the given stnscer and solidity. The ehordwlse locations 
Jt«    for this airfoil corresponding to a set of evenly 
spa sad values of    <f   on the unit circle are calculated 
by equation  (9). 
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Step 2f    At the ehordwise locations    x0,    the dif- 
ferences    6;*j = Ayj  - Ay0    between the ordir.at»?  of the 
(?lv3n airfoil ant1  those  of the assumed airfoil  arc 
obtained, »jraphleally or otherwise.     It i» important that 
the fiven airfjil be located relative- to the  coordinate 
ax»? st-  shewn in figure 1 and thRt, «ban Cht  airfoil 
nrdinntes    Ay,    are obtained,  the airfo'l boundary bo 
truv»r?ed  (counterclockwise)   in the sure serse ar  Js the 
extended chord line. 

Step 3:    The corresponding conjugate ehordwlse- 
di£place"!ent increment*    Bxj    are nw calculated Jn 
aeeorJar.cr with equations  (2)  ana  (4).    The  slopes 
dflxj/do    and    doy^/doi    are also computed by cean? of 
the corresponding derivative Fourier serle-.    Details 
sf this calculation »re piver. in appendix A of refer- 
ence 8a 

^tep 41    The flr?t-approxi>r<ation CW, nnrely, 
Axj = Ax0 + Cxj    and   Ayj = Ay0 + Byj,    and the eorro- 
»pondinf slope?    dAXj/dip,    dAyj/d»   are no-;/ known.    In 
conjunction with the constants    UL«  ft» , •* • and    T 

*       *vO        *o 
of the  initial airfoil,  this    CMP    would,  In feneral, 
determine ar airfoil  (equations  (9)   and   (10))   of which 
the extremities  (equations (11),   (13),  and (14))  would 
net add up to the desired chord (c = Stic),  although the 
stamrer anrrle    3     (of the >:-;*:-.!.•• chord)   I« correct. 
The c jnrtantr    K0, *;;. , 9f ,    and    T0    are therefore 
corrected by a horizontal  stretching ad,lurtr.ent (equa- 
tions (18),   (IS),  and (17))  such that the resulting 
constants    Kj,  9fl,i  "Df,,     a::d    T^    yield an airfoil  of 
the desired chord. 

"!tep 5J    The new ehordv'ise locations    x-,    are cal- 
culated by equation  (0)  with the constants derived in 
step 4.    The resulting airfoil, of coordinates    xj, Ayj, 
Js compared with the given airfoil.    Tf the agreement 
is not satisfactorily"close,  steps 2 to 5 are  repeated, 
all subscript.« being advanced by one. 

°tep ös    If the agreement Is close enough,  the exact 
velocity distribution of the airfoil Just derived (which 
Is thur o close enough approximation to the velocity dis- 
tribution of the given airfoil)  is calculated as indicated 
In tin section "Velocity and Pressure Distributions." 
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S0W3TI0» o? nrvrass toTSSVitt PROBLEH FOR CASOADPS 

A? corpared with the irolsted airfoil,   there rise 
several  poaalbla variations  or the  inver-e problem for 
easceuies,  depending on   the ovM'-all eascuce  data  riven 
in addition to the prescribed velocity distribution. 
The^e cascade  data include  the    ultimate  upptrca"-. und 
downstream flow angler corsiiercd as one quantity,   the 
validity o,     and the  stamper ajiple    p.     Of  tnese   three 
quantities,   it appear.»  that t'"o nay   be  specified 
independently nlons vJth the prescribed  velocity dis- 
tribution. 

The  inverse problem for carcuier can be  solved by 
the method of comparison of  puriace potential» riven in 
reference 6 for the case of  the  isolated  airfoil.     A 
r.u.-rerical examplF,  however,  disclosed several difficul- 
ties of applieutlon.     The ever-all ad1u"trer.t for or.e- 
to-one correspondence of the  true  and ap^roxi^at«: 
potential  curves W*F urdu3j   laborious.    Furthermore, 
the first exact velocity distribution obtained osc'l- 
lattd about  the prescribed distribution through wi'e 
limits•    This oscillation appeared to be sauted by the 
sonev'hat  Indirect method of rtetrnrlninp    Ex(o), 
resulting in inexact and r.scilHttory values for the 
derivativer    d4x/dc,  äAy/d<s>. 

The !r:cre  sfcralrhtforv.ard Method of ^ei'Ivatlvep, 
namely,  determining    dix/dP,  diy/drj    directly fron; the 
prescribed velocity distribution,  ra«  therefore  resorted 
to.    As  remarked  in reference  .0.   the method  can be 
regarded as ba*ed on the u?e of the function    lj£ Of 
This function is sinr^e-valued and rerulur everywhere 
outside  the unit circle:  it approaches  the Hir.it zero 
as    p-^>»    and on the  unit circle Itself    p = e** 
reduces  to    |^ + l4&     Tf,   therefore ,   these deriva- 
tives can be  so determined as to satisfy the expres- 
sion for the prescribed velocity distribution  (equa- 
tion   (30)),   the airfoil   Itself can then be obtained 
by a simple integration. 

The determination of the derivatives can be made 
by successive approximation.    The constant»    \,   S    are 
fixed to satisfy approximately the over-all cascade 
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data pr»viou»ly rrentioneri.     Inasmuch a?  the  derivatives. 
dAx/dei,  '.iiy/dcj!    ere of the  ?a le order of magnitude for 
tho shapes to be deult with, it la apparent from the 
a true tup« of  the  radical  in equation   ('0)   that    dAx/d9 
vill  exert a greater Influence on  the    velocities over 
r.oat of the tirfoll  than will Cay/dp.    To c .riven 
approxi nation,     dix/ccp    cap therefore be  solved  for in 
terr.ir  of the prescribed velocity    vB    and the data 
div/öc,  \,     and    K    of the previous approxination,    i 
ne"    day/rtc    sen Chan be calculated as  t'.-.r- function 
eonjupat«  to  this    dix/draj   and    \,  .'.'    can be  corrected 
to serve a« the basis for the next approximation. 

The step«! of the iovrrse process are outlined fta 
follow?» 

Step 1:    A velocity distribution e^.-res'ed as a 
function of percentare chord or ars and the appropriate 
cascade data are  r-lyrn.    The definition of the chord and 
the prescribe d velocity distribution ore   tE'-ren aa  ij. 
reference  B«     An  Initial  airfoil  is arsur-.ed,  rchJeli  is 
judged to proJ"ce approximately the dealred condition* 
an-5, for which the oeacada CMF    fix,,  4y0    !s known'. 

o'tsp 2|     If the plven casctde dcta are  the   solidity c 
8r.f.s  starrer ar.;'le    [>,     a horizontal tdju't.-ent is applied 
to the OHP    Ax„,  4y^    to achieve tnc.se  values;   tha', la, 
equation?  (15)   and  (IS)   with    S = 1    ore  rolved  for    10,, 
C;j ,    and    CPy      with the riven value? of    o,  '•'..    The-ce, 
equation  (17)   1?  »olved for    rr. 

Step *s   The lift coefficient   oja    eorreapondlng 
to the prescribed velocity distribution ir Obtained 
approximately u* the area unoer the curve of ohordwite 
pressure  distribution.    A correction  to this    ej,     if 
nece-sary, 1« obtained by lnteKratinr the ehorcVise 
perpendicular pressure components of the pre-crlbed 
distribution on th«- initial a'irfoii.^   The required 

'Iqurtiona   (22)   and  (£2)  r.re dynamical equations, holding 
only for simply connected airfoils  to which Bernoulli's 
equation applies.     In order to preserve  the consistency 
Of the Ct!F equations for figure-eight contours,  the 
circulation    r    can be approximated and equation  (£0) 
can be used directly. 

• 
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stream snrle    \r>    for this \r,        »Of    HUI        0j,a 

fron equations   (<!3)  and (20) by use of    spm 

and    o    is  calculated 

and    K of 

step E.  If the ultimate upstraan and dcwnstrean flow 
arrJes are specified iuste'iü of the solidity, an extra 
relation between r and \ is kr.owr.. If this relation 
and equation (23/ are substituted in equation {20),   an 
equation minting <fm,  II, and o renult3. Thla equa- 
tion is silved aimultuncouislj' with equations (16) and (lfi) 
for "i;; , T"j; ,  K0,  and o0. There valuer then deter- 

mine T0, \0,  and ao.  A similar situation exists if 
the upstream and dovns. treat! an~les and the solidity o, 
irstead cf the atafper enrlo p,  are specified. 

Step 4s 'i.'ith the con3te.nt3 derived, the chordwise 
locations :;0 are calculated b;' equation (9) for a set 
of evenly spaced tr-vi\lue3. 

Step 5» The first approximate derivative dax^/dcp 
is calculated by uclution of equation (30) with the 
constants already derived, the prescrihtd velocity va/V 
corresponding to the chordwlne locations x,,,  and the 
initial dAyc/ds. 

?hUE, 

dir 
dt? "i]«\§T7Sf (3-1) 

Two possible sets of values 1'cr dix^/d? result from 
this calculation, depending on the siiyi  cf the square 
roct In equation (34) .  It ?.j.pear= that for about one 
half the  tp-values, one ret of dAx^/do no^s should be 
taken and for the other 1 all', the other set. The 
resulting dAxu/do should be cf the right order of 
magnitude to lead to a real airfoil. Any imaginary 
roots that occur are replaced by the most favorable 
real vRluea . (The assumption is that a real solution 
exists and thr.t any lmuginary values of dix/dtP in 
equation (34) are the result of too poor an initial 
choice of diy/ct?.) 
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3tep 6: The derivative day^/d? conjugate to the 
dax^/dir of step £ is calculated in accordance v.ith the 
derivatives of equations (3) and (4). The function» 
Axj(•?>), iy^fr) are then obtained by Integration.  If 
the difference 

is anall, it ir.ay he more convenient, because of snallcr 
required iccuracy, to compute the incrementa doy^/do, 

6Xj,  ar.d oy-^ and add thorn to the oorraaponding valuta 
of thf previous approximation. 

Step V: The horizontal adjustment of rtep 2 and 
the calculation of the stroair- anrle \j, s'*P 3, is »nade 

by ualrf the first-approxi.-.ntion CUP  derived in step 6. 

Step 8j The chordvlse locations x^ tire calcu- 
lated as in step 4 by using the constants derived in 
step "7. 

otcp 9: The first approximate airfoil and ita 
exact velocity distribution are calculated by »qua» 
tion3 (9), (10), and (30).  If the velocity distribution 
is not satisfactorily closo to that prescribed, the 
procedure ir continued rith step £, all subscripts beiri£ 
advanced by one. 

ILVZTKAVTVZ -zui.:tvn 

direct nethod.- As an illustration of the direct 
method, a casccde of solidity a = 1 and blade 
angle fi • 4E° was assuned, torether with the riven 
airfoil section shown in figure •%,  of v.'hich the ordinatea 
are given in table I.  In the resulting cascade arrange- 
ment (fig. 1) the flow is frcm right to left (eonpres- 
sion action). 

As a prelininary step, the direct C'JF method 
(reference 15) was applied to the given section considered 
acting as an isolated airfoil. The resulting C"!P and 
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transfor»ittoil constants a"e  Tiven In  tables TT end TTI, 
respectively.     It  1? yempked that the relatively noor 
initial  a,i»-i-orl~ation chosen,  narelv,  e Joukowalri  airfoil 
of 6-pereent ea~ter "iic1 18»p»ro«rt thickness, necessi- 
tated three approximations before  coincidence with the 
given airfoil  (to a  real« of chord length equal to i?C In.) 
«vac attained« 

Per the airfoil lr cascade,  the prooerlurs outlined 
;n the  '9c<-lrn "Col-j'Jon of Direct Po•• en11n 1 Pr-oble.» 
for Crse-idc«" ws  folJ"J»-.'.,     Ti focjrfsnc* with  st<-p 1 
of the-  procedure,  the Initial approximation »a1» taster. 
a.» the ea'cede  jf chirt'. Hies of unit solidity trd 45° 
Made- ar-le.     The   Initial GIF W'.s thus    ax-, =*4y0 • (/. 
The para-ieter    7',,    a? determined fron equfittar: (C) 
with o, 3  -nr. ? =•  45 , war C.£"G. The chortiw!se 

locations y, urr« calculated froni equation (9) , with 
T  =   4X   =   0. 

rtepp 8 to S «fere then carried out.    "he resulting 
first approximate "airfoil   Is showu in flr-ure i.    The 
abscissas are  t:.e eh;»'<:>lse loantio.:-    Xjfc)     of the 
fir«:!: ap^oj.laatlen -v.d tne ordinstes ere those of the 
rive« airfoil at the ohordwlss locations   r0lo)    of the 
Initial approximation, which are Indicated in figure 4. 
The first approximation Is seen to have accomplished 
BOtt of the  required c!-a..-*.<-e fror the chorfl line to the 
fiv»n airfoil.     The rerultlr1- «I:r.;?e li» .not a physically 
real airfo'l, however, beoat-se of the  loop toward the 
trailing edge, 

A "eoor.i approximation rave reaulta shown ir flo- 
urs 4.    The srree-'ent ovsr s:ost of the airfoil Is "rood, 
although appreciable departure« over the frort upper 
surface and a  slirht loop near i:he trailinr edge »till 
remained,    A third approximation removed praetlcally all 
the regaining disere;?fir.ele-'.    The point' that "-ere  «till 
perceptibly diff^re-it arc Indicated <JI figure  i,    A 
fourth approximation cave coincidence with the rive-: air- 
foil to a «cale of 20 Inchc for the J.enpth of chord. 

The  coincidence of the fourth approximate airfoil 
with the riven airfoil was obtained for 24 points 
(besides the leading and trailing <*£r< r).    the"t polnt3 
Correspond to 24 evenly spaced values of    (p    on the  unit 
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r 
circle.  It la seen .from figure 4 that the airfoil 
points are sparsely distributed on the front upper sur- 
face and rear lov,er surface, as comotred v:ith the reat 
of the airfoil. Thii distribution is due to the 
influtrce of the flat-plate transformation (equation (6)) 
in affecting the airfoil absclasus (equation (9)). 
Since the C'.-?' DM cbtelned in the form of 1.4-term Courier 
expansion-!, it waa thought that airmail points obtained 
by interpolation fron the derived CT might show so:ie 
ravines? relative to the -iven airfoil in these rerions. 
Five such interpolated points are riven in table II and 
are shewn in figure 4. The waviness appears to be 
negligible in this ease.  It is noted that any desired 
spacing of points on the airfoil could be obtained by 
working with appropriate unevenly spaced ci-points on 
the ur.it circle; however, the determination of Ax(?>) 
from ay(is) becoir.P3 r.cre laborious. 

The slight v.'avJn«>ss in the Fourier expnnsiors for 
Ax(a>) and ay (OP) gives rise to greater oscillations 
in the corresponding derivative expansions for dAx/dO 
and diy/do.  In this exanple, the slopes were computed 
by harmonic synthesis cf their Fourier expansions, and 
the results were smoothed out graphically ie> correspond 
to a fairod curve thrrugh the 24 known values 3f Ax 
or Ay. ?he Units of oscillation of the derivative 
curves were snail enough that no appreciable error v/as 
believed to be incurred in this process.3 

"In extreme cases, where the higher hiUT.cnics in the 
Ax(cj), Ay(e>)  curves are largo, the oscillations of 
dAx/de, dAy/dc nay lead to appreciable inaccuracy of 
the velocity distribution. It is possible, however, 
to solve initially for the derivatives dA::/d9, dAy/ds; 
instead of Ax(q;), Ay(c?) by working fron the slopes 
dy/dx of the given airfoil, for 

ft 
dx 

ay  
d(£ + Ax) 

- -dAy/do 
" dg | dAx 

dc?  dff 
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The resulting CiiF's and the transformation con-tents 
for the airfoil in cascade ars rjiven in tables TI and III. 
respectively« The column of valves of k under "CJscadc" 
3n table IT gives the values of the denominator in equa- 
tion (30) for the velocity distribution. This ft-ctor 
("063 not ciange with er-flc of incidence .if the flow. 

The variation of lift cosfficient with ar./le of 
Ettacl' for the cascade arrangiert {equation (CE)) v;as 
obtained as 

r-l =  4.65 sir (l + 10°4') 

where, it will be recalled,  Oj  is based on the mean 
velocity V Pnd a 3 s the ani^e between the ntan 
velocity V and th«; chosen chord line, "he lift- 
coefficient variation for the isolated airfoil was 
obtained as 

ci = e.80 sin (a  + lic£S' 

with tie result that 

day_ _ riy/cl^  .   Cix\ 
"3?   " "dx^d3       Oss'J 

Thus,   to a given spprcxlnatio,;,     diy/d.T    can be  fietor- 
r.inod fron the known data of  the previous eppro::iirabios« 
To the given approxlrirtion,     dAx/dCP    is  then the func- 
tion oonjugete  to    dAy/ds.    The derivative    diy/dc    can 
then be determined to a better pprrj^iratlcr,  otc     In 
each approximation, an exart airfoil is determined by 
integration of    d4x/dc>,   diy/dci    (the Intefrratnd Fourier 
series are smoother then the  original series) .    This 
method for the solution of the direct probier, i^   the 
counterpart of  the method of  derivatives  in the  inverse 
proDler..     The  accurncy of the derivatives    Cix/dr.,  dAy/d*> 
thus dcterrir.ed depends primarily on the accuracy to 
which the nirfoil slopes    dy/dx    are known.    Corre- 
•pondlng remark! epply to the isolated-airfoil case, in 
ivhich, however,   the higher harmonies are usually of 
less Magnitude. 
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The ratio of lift-eui-ve slopes Is  tir-s 4.e.r 
G.673 and 

the zero-lift pjigle fcr the cascade has been reduced by 
1°10'. 

The equivalent ctseude or flat platen has a stagger 
ancle of Ah0  - 10°4' = 34CE6' and the solidity, aa 
determiner! by equation (0)  »Itli ,i - Z4D5Ü'  and 
K = 0.2E3,  Is Cj • 1.19.  It nay be noted that the 
ratio of lift-curve slope of the equivalent cascade to 
the isolatad-plete value «sir Is C,6ü4, \vj..*ch is about 
6 percent les? than the value for the given casear-e. 
The corresponding ratio for the chord-line cascade 
(p = 4f°, a = 1)   Is 0.844, or about 2£ percent higher 
than that for tht giver, cajpade. If the equivalent 
cascade v/ere based on the lrolsted-slrfoll data, namely, 
e, • 1.031C and ß = 45° - 11°£2' = S3°38',  the ratio 
of lift-curve slopes of the equivalent cascade Is 0.6£E, 
which Is a satisfactory appropriation to the true value 
In this ease. 

"he variation with lift coefficient of the various 
flow angles of the cascade as veil as the over-all 
presrure-rire coefficient based on mean dynamic pressure 
Is riven In table IV. The values were calculated by 
ireans of the velocity trlanrle of the cascade (fig. 5). 
The deviations On, 6T of the upstrenn and downstream 
flow angles frora the rcean directions of the leadlnr and 
trailing edges of the airfoil (fig. 6) are also given. 
The downstream flow anrle \,j is seen to regain essen- 
tially constant as the upstrear.i flow angle is varied. 
In this respect, therefore, the cascade ucts Hire one 
of Infinite solidity. The deviation 6^ of the down- 
stream flow fron the direction of the trailing edge is 
large, however (about 18°). 

The velocity distributions of both the isolated 
airfoil and the airfoil in cascade, are shown for zero 
lift coefficient in figure 6 and for various other lift 
coefficients in figures 7 and 8. The velocity distri- 
butions at aero lift may be compared directly. 7£:eept 
near the leading and trailing edges, the velocities for 
airfoils in cascade are higher than the velocities for 
the isolated airfoil. This result iray be ascribed to 
the constricting effect of two neighboring blades of 
the cascade on the streamlines between then. The 
velocity bump about 60 percent chord back on the upper 
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surface of the airfoil in cascade la probably caused by 
the s-idden rate of charge of flow area in this region 
due to the presence of the upper neighborin(; blade 
(fig. 5). At the leading edge, the velocity peak is 
loiter for the airfoil in cascade than for the isolated 
airf:il, probably because of the effect of the lov.er 
adjacent airfoil In deflecting the upstream flow upward 
toward the nose. At the traillnr ed,?e, the velocity is 
lower for the airfoil In cascade than for t":.e Isolated 
airfoil, orobably because the upper adjacent airfoil 
provides a divergent channel for the otrear.llnes In 
this rerion. 

The proper basis fW comparison of velocity distri- 
butions of the lariated and cascade airfoils at lift 
coefficients other than zero la not clear. Bec-iure 
the carcede velocities (fig. 6) have been cxpressod as 
fractions of the mean velocity, the velocities tovard 
the leading, edge are higher than if the ultimate up- 
stream velocity had been used as a base; whereas, toward 
the trailing edge, the velocities ere lower than If the 
ultimate downstream velocities had been used as a base. 
The ultimate upstream and downstream velocities for the 
various lift coefficients are indicated by the hori- 
zontal lines in figure G.  In gsneral. It appears that 
the adverse velocity gradients near the leading edge are 
less for the airfoil in cascade then for the isolated 
airfoil, whereas the adverse velocity gradient« near 
the upper-surface trailing edge are (renter In the 
cascade case. 

The "Ideal" velocity distributions, which produce 
a stagnation point at the chordwlse extremity of the 
airfoil, are those for cj,solatec, = 1.28 and 

07.„_ „,,_ = 1.17.  It in seen that S.TBII velocity peaks ''cascade * r 

are present or. the lower-surface leading ed~e under 
these conditions.  These peaks are renoved In the 
isolated-airfoil ease at cj = 1*60 and for the cascade 
at about cj » 1.30 without producing peaks on the 
unper surface.  The incidence of the upstreum flow rela- 
tive to the chord line ll 15°24' in the case of 
Cj • 1.30. 

The four approxinntions Jn this exar.ple vere carried 
out without any attempt at picking off the oriilnates in 
order to anticipate the resulting change in chcrdwis6 
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location.    7t -".by be expected thtt, ».hen ->iare  ?u«orable 
initial apr.Toxiiifitlon" than the chord lint  pre avall- 
e\le    und with «ome  experience   ir anil clpatinr ehanp-er 
ir. ottordwtB*  location»,  no rorsi than two uppro/.in.atior.s 
v;ill he neeereary for ccc\rate result-  -  that  i.r, 
results  lerj<= than 1 ppree.it in etror. 

Vlnally,  it ray be nited that the C'>!T? derived, for 
the  riven p.lrfoll  can ve used a~ a ffood  initial approxi- 
mation not only for  -iril^r airf-il'» 1» corvre-sor 
action tout also  for airfoil n in turbin« action.    For 
this latter application,   the airfoil Mould he  drawn 
with the camber on  the-  pa-*.p  sld* of M-.e chord line as 
In f?pure  1.    The flow I« then  fror, left to rl<-ht;  that 
is,    \    is  increase! by 13C1'.    This  procedure  uppears, 
rore favorable nurericrlly than drawinp  tb* airfoil with 
the  canter or   the other  side  of the chord line, which 
would r-aininlr. the  flov.   fron right  to left. 

Trver«r method.- Ir. order to  illustrate   th«j  lrvjrse 
netho'iTTor ctisc-iueT,   the  velocity distribution ut 
ej • 1,2    of the elrfoll  Ju->t anslyaed was modified as 
Indicated ir. flgUM   3.    T.i" corresponding prers.rl.be I 
pressure distribution Is constant up to SO percent 
chord ard thereafter increases linearly to the  traillr.p: 
ear«.    The prescribed cascade data wert  taken a- 
a =  1, f  -   4E   .    The ultl-ria*e uostrear end flemstrMH 
armies,  or blade circulation,   «ere  expected to be about 
the  «are.  ir thos*  for the initial airfoil in easccoe at 
Oi = 1.5. 

The procedure  already outlined was  followed.    The 
Initial  airfoil wa= chosen a? th* one  ,'ust analysed '::/ 
the direct «ethod (fir.  10).    The CIV.' and associated 
constant? of the initial airfoil are riven la tables II 
and 111 The Initial •Tar actually talten a« 1.145 
tires  the values of table lif because  the u^e of the. 
nethod rt ooter.tials had indleete-d this  factor as a 
preliminary over-all adjustment.    The chordwise loca- 
tions of table  II were consequently corrected.    The 
Initial lift coefficient was ta'een as the area enclosed. 

by the prescribed w •curve, nomoly,  cj, • 1.2<5. 

The flrst-approxl^atlon dixi/dep was thereupon 
calculated froir. equation (31) and plotted In flrurc. 11. 
•Sxcent at (9 = If ,  this curve represents the solution 
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of equation (54) with the negative »qvare root for 
?r °<»* ICO-1 end the solution with the positiv« root 
for the  rer.ainlnr    <p-valu"s.     at 
lated root« ware oomplex.    Th« 

<5 = 15  ,     the calen- 
der! 
—r—-curve v.a«  there tor" 

faired through   <p = IE    to complete the specification 
of   dix^/ds.   The Increment 

wt« then u'fd to calculate the  flrst-approxlmatlon son 
*ucate  increxent 

day» 

ar.d thr  incremental airfoil CW    Cx-i   + lojTj .    The 
Rung« E4-rolr.t rchedule   (»•«  appendix k of reference  5) 
wo«, used for thefe calculation*.    The horizontal adiurt- 
itent t>en applied to this CM? was such ar to Maintain 
o=l,    l = 45^    (with respect to ti<e chord chosen for 
the Initial  airfoil,  the  »o-calle-ö x-axL« chord).    The 
f'ir«t arproxl-iatf  C! f 1? llet.e-i In table V and the 
$r«oel8ted cor.»tFir.t" In tible  71.    The  flrrt aprro*!- 
r.ate uirfoil  Is shown In i'lture 10 ar.C  it« exact 
velocity distribution!  for    cj • 1,26,    In finure 9, 
The e«.«cade Tlvr angles for ths derived sections are 
( iveri  Jr.  table  VTT. 

The chance« in velocity distribution ar.d. airfoil 
Contour and position fro:* their initial values are  «etn 
to he considerable.    The nean lire  of the derived sec- 
tion ?e reflexes toward the (railing ear», probably 
beeau** of the Influence an tho "mean" «trean-itr.e of the 
vortlclty toward the leadinc ear*?, O.T the upper neigh- 
boring; airfoil  (flp.  5) .    The -tfsj; I •.u• thioxneis of the 
derived ruction ha« beer,  increa-ed  from 10 percent to 
about 15  percent.    Purthcunre,  the  Section a« a whole 

1° has been  rotated about Z£ ,  with t>.e  re«i;lt that the 
oasoadl blade  anrle,  although e-viel ti 45J as rr?cr.=- 
ured fro" the initial or x-aris chord line,  is about 
4C5"' ar m'-aeur'd fro:i the "longest-line* chord in the 
derived airfoil.     A «llpht Change  la cascade  solldlt7 
Is sirKflarl' brought about. 
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r 
A second approximation to the prencrlbcd velocity 

distribution »as next parried out, with the Initially 
chosen chord maintained as the "chord" of the derived 
airfoils.  It was evident that the poor first approxi- 
mation on the upper-surface leading edr:e, particularly 
for O = 15°,  was äw?.  originally to fairlnr the 
dOxn 

f|  -curve through this point too sir.iothly.  The 

resultlnr valve of d&j^/dD was not the best possible 
real value, rhlch is lr, this case the one that »lakes 
the volocity on the airfoil at this point as hlnh as 
possible or, fron equation (3C), 

/dix\ 

0=15c 

This value was therefore given to 

Ldd<r=i5° 

\ 5 y^irc for the 

second approximation with the remaining values calcu- 
lated ns in the first approximation. The Incremental 

dCxo  dAXn   is;:-. 
derivative   . " =  . 8 - ••    thus obtained is shown 

do    do    dci 
in figure 11. The conjugate function doyg/dtp calcu- 
lated therefrom is shown In figure 11. The oscillatory 
nature of dGyg/do Is caused fry the larpe napriltude of 
the higher harmonics in the Fourier series for dox2/de. 

The 6y0-funetlon, as obtained by synthesis of the 

integrated Fourier series for d3y2/do,  displayed very 

little oscillation.  The slopes of the smoobhly dravm 
6y2-curve were therefore measured graphically at all 

but the (6 • 0°, 15° points. The   ?%-curve thus 
GO 

obtained is seen from fifure 11 to be a r.ean curve 
diyo 

through the calculated  d ""-values. This curve was 

U3ed in the calculation of the second-approximation 
velocity distribution. Use of the measured values of 
d6yo/d<s> as compared with the calculated values removed 

an oscillation of, at nost, 42 percent in the velocity 
distribution.  Any error in measurement of the 
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d0y2 
—-rp—.i-lcpes rould therefore produce the quite nepllglble 

error of a sr.all fraction of ±2 percent. 

The second appro.xlratiur. vis  carried out for 
oj = l.£6. The resulting OMF and associated constant* 
ure civen in tables V end VI.  The secor.d-appro::i! ation 
airfoil and its ej.act velocity distribution tre shown 
la figures 10 and 9, respectively.  The velocity liisfcrl- 
bution is seer, to te ior.ver"inrr satlefaotorlly to the 
prescribed vplues, thor.ch perhaps not so rapidly as 
WOttld be the case for an isolated airfoil. The tendency 
toward formation of a velocity buasp about CO percent chord 
back on the upper surface i:s soon. As previously men- 
tioned lor the direct method, thir effect nay be Cue to 
the audden constriction of the aCream caused by the 
forward part of tb« upper neighboring airfoil (fig. 5). 
The ancond approxinate air foil differs from the first 
approximate airfoil oalnly In having greater thioknesa 
toward the nore and leaa ovor-ai.1 oamber. The jrrcatisr 
thleknosa toward the nore la evidently the eonaequenoe 
of a higher required velocity on the upper surface at 
the loadir.?; eape. The reduced over-all ca-iber appears 
to be caused by the necessity of a more Oonatrioted 
3trean over the rear upper surface (higher required 
velocities). The for^urd half of the upper neighboring 
profile (fir. E) shifts dOMiv.ard to accorplish this 
constriction. 

A sharn cusp, possibly even a alightf physieelly 
impossible loop, is evident at the trailing edr-9. 
Apparently, the prescribed velocity In this rerion is 
close to beir.fr unattainable v.J th a phyically real 
airfoil. The necessity of as sharp a cusp us possible 
at ths trailing edr.e setrs definite. 

r"rori the practical point of view, two approxlata« 
tions are considered sufficient In this case.  She 
noeessary modifications of the initial airf->;i to 
produeo the modified velocity distribution arc clearly 
indicated.  The results of this anc the preceding 
example can now be used as coed Initial approximations 
in further modifications either of airfoil shape or of 
velocity distribution, or, to a lesser extent, of 
cascade geometry. 
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CCMLUSlore 

I.  The direct, und invorre Cartesian na^pin/; 
function (C?D nethods nlreadj ujed for isolated air- 
foils oar. be applied directl;.' and analogously to  the cascade case. 

2. The easuatir problen reorerents a 'nore severe 
test or the C?!F raetlod than dee« the isolated-airfoil 
problen.  Although the convergence of the successive 
aj?prox!r.ationr ii flower in the eise of cascades thU 
in the correspond]nr isolated-airfoil cares, the 
nurericsl w>rk for a riven accuracy is considerably 
lers than 'hitherto required, ct least for cascade 
solidities near unit;'. 

Lanplcy ?:e-norial Ae 
roniut.ieal Laboratoi» 

National Advisory Cominitt 
Lanrley Tield, Va« tee for Aeronautics 

s 
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T/.EL3 I.- AIRFOIL 0RDINAT33, DIRECT PH0CE33 

[Stations and ordlnates In percent of airfoil chord] 

ID« «urfrc« Lower surface 

Station Ordinate 

0 0 
.23 .97 
.44 1.24 
.3f l.FG 

2.03 2 .PS 
4.43 4*. 17 
B1.37 5.44 
0.34 6.5C 

14.34 9.40 
i9.sa 5.10 
24.44 11.24 
29.55 12.2r* 
34.C4 12.9C 
39.r-2 13.39 
44.02 13.64 
49. Of •   13.C6 
55.07 13.37 
60.17 12.78 
65.26 11.92 
70.30 10.81 
75.32 9.53 
80. i9 3.04 
65.23 6.40 
90.17 4.56 
95.10 2.57 

ICO 0 

Station Orüinate 

0 0 

.77 -.43 
1.06 -.44 
uea -.4Ü 
n.97 - .37 
5.57 -.13 
Ü.13 .13 

10.ee .43 
iB.ee i.ca 
80.68 1.64 

£.16 
30.45 2.60 
35.36 : .90 
40.28 3.29 
45.16 ~.E8 
50.04 o.91 
54. S3 4.23 
53.83 4.46 
64.74 4.68 
C9.7C 4.77 
74.68 4.C7 
79.71 4.39 
84.77 3.94 
99.83 3.10 
94.90 1.C9 

100 0 

I 

8ATI0HAL AEVT'CRY 
COKMITT'SE FOR j^ROIifc'JTICS 
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